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Fel’dman (1972) 

Introduction: Relevant contributions 
 

1.  G.M. Fel’dman (1972, CRREL) 
• Translated from Russian 
• Handwritten, illegible 

2.  J.F. Nixon (1975, CGJ) 
• Exact solution based on water 

sourced by thaw consolidation 
• Water flux proportional to thaw 

3.  V. Lunardini (1998, 7th Int. Conf. PF) 
• Exact solution (Nixon) and two 

approximate solutions 
• One approximate solution is 

inaccurate (linear temp. profile) 
• Third solution (benchmark TH1) 
 

Nixon (1975, CGJ) 

(Lunardini, 1998) 



Remaining information from… 



TH1: Conceptual Model 

Thermally 
uniform 
(no conductive 
flux) 

Lack of fidelity 
to physical 
processes does 
not limit ability 
to serve as 
benchmark 



Governing equations, boundary 
conditions, and initial conditions 

1. Surface boundary condition 
 
 
2. Governing equation (thawed zone) 
 
 
 
3. Interface energy balance 
 
 
 
4. Interface boundary condition 
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1. Kurylyk et al. (2014, AWR) energy balance: 
 - Lunardini (1998) ignores advection in interface energy balance 
 - Our AWR presentation assumes water flow only in upper layer (Eq. 19) 
 
 
 
 
2. More general interface energy balance 
 
 
 
 
3. Implicit solution (easy to derive, ~15 steps) 
 
 
 
 
 
 

Further thoughts on interface energy 
balance and resultant solution 
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(Advective flux is proportional to 
temperature, Saar, 2011, HJ; 
Kurylyk et al. 2014, ESR; 
Domenico and Schwartz, 1990) 
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Benchmark TH1 



1. Can compare accuracy of 
TH1 solution by comparing it 
to Neumann for no-flow 
 
 
 
 
 
2. Conclusion: choose small 
Stefan number (surface 
temperature). 
 

Accuracy of quasi-steady  
assumption (no flow conditions) 
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Results: Influence of downward water 
flow on thaw penetration (TH1) 



Practical considerations for  
reproducing TH1 benchmark 

1. Soil freezing in most 
solutions is a step function 
(dƟice/dT = ∞). Thus, use 
steep SFC (small time 
steps). 
 

2. The position of ‘X’ can be 
taken as the shallowest 
node that is less than 0°C. 
 

3. Residual liquid water must 
exist in frozen zone to 
allow for a medium for 
moving water (otherwise 
ice is advected). 



Other Research: Unsaturated Freezing 

• Unsaturated freezing is  
often more common than 
saturated freezing. 

 
• There are very few 

comprehensive resources 
that address these 
processes. 
 

• We provide a synthesis of 
almost a century of 
multidisciplinary soil 
freezing research. 

Purpose: 
1. Explain different forms of Clapeyron 

equation 
2. Explain SFC-SWC relationship (unsat) 
3. Detail unsaturated SFCs 
4. Discuss frozen soil permeability 



Other Research: Climate  
Change Impacts (2014 ESR Paper) 

• Climate change impacts on 
cold regions hydrogeology 
is a major selling point for 
research (Kurylyk et al., 
2014, Earth Sci. Rev.) 

 
• We devote a large section 

to the impacts of climate 
change on cold regions 
hydrogeology. 
 

• Our concluding section 
discusses future research 
directions. 



For more information…. 

Kurylyk et al. 2014. Advances in Water Resources: 70: 172-184. 
 
Kurylyk et al. 2014. Earth-Science Reviews: 138: 313-334. 
 
Kurylyk and Watanabe 2013. Adv. Water Res.: 138: 313-334. 
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Extra Slide:  
‘Lunardini’s’ 1998 Solutions 

•  Solution 1 
– Transient heat conduction advection eq. 
– Exact solution, flux proportion to dX/dt 

 
•  Solution 2 

– Transient heat conduction advection eq. 
– Approximate analytical solution (HBIM) 

 
• Solution 3 

– Steady-state heat conduction advection eq. 
– For every thaw depth X, the temp. 

distribution is in equilibrium with surface. 
– No derivation presented 
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Assume temperature 
gradient is linear  

Velocity =C (dX/dt) 
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Quasi-steady assumption is 
more consistent 

TH1 (INTERFROST) 
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