?%1 BridGES

CO2 inversion as a system and its uncertainty quantification

Lin Wu

Marc Bocquet, Frédéric Chevallier, Thomas Lauvaux, Peter Rayer, Ken Davis
SOFIE Spring school
May 12 2014

UNIVERSITE DE W

VERSAILLES —
ST-QUENTIN-EN-YVELINES

(O VEOUA  Thalesalenia

ENVIRONNEMENT ™~ ""~"~=<3pace




Horizonial Grid

(Latduca-Longitude) |~

Vertical Grid
(Haipht or Pressume)

CO2 story: one carbon cycle to understand
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Simplest scalar case Bouttier & Courtier 1999, Jacob 2007

hEo i y ‘o, Information? Probability distribution
A % First guess:
i * Oy 3 p(x) = : exp[—l(x—x )*]
g \/ﬂab 20, ’
E s Observation conditioned by emission:
< — % PO = o expl— (v =)’
V2o, 207

Information fusion? Production rule of proba.

Observation Eq. p(x,y) = p(x)p(yx)= p(») p(x )

y=hx+ o Inference? Bayes theorem/rule.
E,=&+¢&,
prior likelihood
——
Information 1: first guess X, p(xy) = p(x) p(yx)
Information 2: observation) M p(y)
evidence

posterior « likelihood x prior
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Simplest scalar case

h 7 m y + Gi
Transport

X, L0y v 1

Emission Vi -‘-‘.‘:“‘

xX="1 o

J(E)=F(x)+Jo(x)
A
cost i
# Brid

Bouttier & Courtier 1999, Jacob 2007

Bayesian calculus

p(xy)oceXp[—;((x_fb) LU _]Zx) )]
o o

o

Estimation with posterior: find a criteria (MAP)

x, = argmax p(x|y)

X

e 2 .
Calculus: minimization of a ¥ cost function

J(x)= 1[(x ;)2%) + (¥ ;élx) ]

o

Estimation:
x,=x, +k(y—hx,)

k=c.h(h’c, +c2)"
ox,
oy
» Sensitivity of analysis to obs
« Weighted by error statistics
SOFIE school, 2014-05-12

(Kalman) gain f =
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Simplest scalar case

xb i Gb/"'

Emission S

JE)=I(x)+Jo(x)

cost!
1

# NBrid

x,=x, +k(y—hx,)

k=oc.h(h’c, +c2)"

Estimation:

J(x)zé

(o) =k’
b o,

Degree of freedom for signal (DFS)

12
o, << 0O, (y}zlx) T in J(x)

k—>1/h  x,—>ylh

Bouttier & Courtier 1999, Jacob 2007

y provides information on x

Degree of freedom for noise

. 2
o, >> o, U4 gy gy
O,

k—>0 Xx,—>x

y provides only noise

SOFIE school, 2014-05-12
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Simplest scalar case

X, T 0Oy v

Emission S

( Transport o~
2
¥
o
)
LS
.

Observation Eq.
y=hx+g,

E,=&+¢,

Information 1: first guess X,
Information 2: observation)

# ¥Brid

Bouttier & Courtier 1999, Jacob 2007

Posterior uncertainty 5 )
1 (x—x,)" (y—hx)
+ )]

p(x}y) ocexp[—_ (-
2 o, , O,
1 (x—x,
- eXp(_i b )
l Sum of precision

2\~ 2Nl 72, 28—
(0,) =(o,) +h°(0,)" FEisher info. matrix

Estimation: y — i+ o’

x,=x,+k(y—hx,)

X, =lax+

. ox
Averaging kernel: a = kh = —*
ox

» Sensitivity of analysis to true emission
* |deally 1
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A language of inversion: Bayesian synthesis

» Bayes' Theorem: uncertainty computation (information propagation)
converting a prior probability to a posterior probability by assimilating
Information from observations.

prior likelihood
—

(x) p(y)x)
pPX)pLyx
p(xjy) =

— p(y)
posterior emé:c‘e

» Yy :observation
» X :unknown parameter (source)

» Bayesian analysis in plain words

posterior « likelihood X prior

# 2 Brid SOFIE school, 2014-05-12 / O
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Bayesian inversion: vectorial case of linear dynamics and Gaussian error

Inverse modelling of sources X (2D+T); Gaussian assumption + linear
observation operator.

» H Jacobian matrix of the problem (observation + model):

y =Hx+¢

> X—-X, «N(0,B) X, priorfluxes, B background error
covariance matrix.

> £ N(0,R) R observation error covariance matrix.

%‘Bl‘id SOFIE school, 2014-05-12 8 E
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Bayesian inversion:

» Bayes’ Theorem:

> Prior:

» Likelihood

» Evidence

»Posterior:

# NBrid

vectorial case of linear dynamics and Gaussian error

p(X) p(y|x)
py)

p(Xy) = XeR" yeR’

exp(—é(x—xbe*(x—xb»

p(X) =

n
272BJ2
g exp(—ng R7)
p(yx) = p(y—Hx) = .
272 Rz

p(¥) = [ p(X) p(y —Hx)dx

eXp(—;(x —xb)T (R+ HBHT)‘I(x -X,))

27z R+HBHT
exp(——(x x )P~ '(X =X D)
2
p(xly) = T
27*P, |2

SOFIE school, 2014-05-12 9 (O
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Vectorial analog of the simplest scalar case

Cost function 5 5
I (x—x — hx

J(X)Z— ( 2b) +(y : ) ]
2 o, o

o

J00 = (x=x,) B (x-x,)+

(y—H(x))'R™(y - H(x))

X, =x, +k(y—hx,) x =x,+K(y—Hx,)
oot ron KB HBH 4R
_ or equivalently K=(HR'H+B"')H'R™

Aver. Kernel a = kh A =KH
O=1" 4 i ) E[(x, —X,)'B™ (X, ~X,)]

2
o)

Oy

Fisher Info. 2Nl 251 2 Dl 1 gl _—
Mat. (precision) (6;)" =(0,) +h(c,) P, =B +HRH

Posterior 2 5 o
Err. Cov. Mat. o, =(-kh)o, P, =(-KH)B

%Bl‘idﬁﬁﬁ SOFIE school, 2014-05-12 10 G




More on DFS

DFS=E[(x,-x,)'B™(x,—X,)]
Eftrlx, -x,)(x, -x,)" B}
=tr{E[(x -x,)(x, -x,)" B}
= tr{KE[ (y— be)(y—be)T}(TB‘l}
= tr{K(HBH’ +R)K'B"'|

=tr(KH)=tr(A) Trace of averaging kernel
=tr|(B-P, )B_l] Reduction of uncertainty
K
=tr| BH' (HBH' +R)'H Propagation of informatioin
) Info.frgm obs. ’

# 2 Brid SOFIE school, 2014-05-12 11 O
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Inversion methods

Analytical inversion: linear algebra, maximal 5000-10000 parameters
X, =X, +K(y—Hx,)
P =(-KH)B

Variational Analysis: Gaussian assumptions + MAP = least square errors (Gauss’ result)
Numerical optimization; easily dealing with a million parameters; adjoint techniques

J(X) = ;(X—Xb)TB_l(X—Xb)Jr (y—H(x))'R™(y - H(x))

-1
- ("
2

Ensemble approach: representing PDFs with samples of manageable size

%‘Brid SOFIE school, 2014-05-12 12 O
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Sketch of Bayesian Synthesis

Red: true prior and posterior

Points: samples

Contours: Gaussian prior and posterior
Obs for X

Prior Sample & P® Estimate
100 [T T 1007 '

EnKF Posterior Sample, Implied P°

(b) ]

Hamil 2006

100 o 20

b
X




Imporatant roles of B and R

Fundamental role of B : corrections only in the column space of B !

Kalnay 2003 Sum of prior SiBcrop fluxes
B spanned by a single vector b Over 1-15 June 2007
Center USA 980km x 980 km
B = bb! o
Suppose H=1. R = &?1 v ‘ 0

0X, = X,; — X, :
BH” [HBH+ R ' [y, — H(x;)] ™|

—48
Correction Projection of Total error 34N
Direction:; obs increment budget
Information in (subspace) b 1027w 100°T 98°1 96°IW 047 W
spreading info smoothing
.y e . Balgovind correlation model
Realistic B : difficult issue 9 b !
Physical consistency: balanced B C(h) = K2(1 + E)Exp(_z)

# 2BridGeS SOFIE school, 2014-05-12




Diagnostics of error

d? = y° — H(x") Desroziers et al 2005
=y° —HX) + H(x") — Hx")
~€° — He" d? = Hox* = HKdY = VAVTd? y°.
&
E[d}(dD)"] /
= E[€°(°)] + HE[€°(e®)T|H" ) .
— R+ HBH' [dg): = [dgli+ [df):

d? =y° — Hx" 4 5x%)
~y° — H(x") — HKd}

|3l

= (I - HK)d},
=R(HBH' + R)'d?, €°);
E[d3@d))'] =R+ HP;'H' H(x?),
E[d® (d)]AHBHT dp):
E[d°@)'] =
E[d}(@)"]=HP; 'H" H(x"); H(x,

@ Y'Brid SOFIE school, 2014-05-12 15 @@



Optimality System (O.S. Le Dimet 90s) and SOI

J(X) = ;(X—Xb)TBl(X—XbH (y-H(x))'R™(y - H(x))

Dynamic context O.S. as a general model
Control theory for high-dimensional system All |_nf9rm§1t|on contained in O.S.
Optimization based on O.S.
d_X = F(X)+ BV Backward ‘

dr propagation
obs impulse

3(x,)

~

3 Performance of inversion system;
not necessarily RMSE

X, Solution given by O.S.

L Cost 1
. . Cost 10
Adjoint variable:
sensitivity to obs Cost 100
s . impulse o 4
# 2BridG P SOFIE school, 2014-05-12 16 Cn Q
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optlmal conflguratlon of each component of the
inversion system under given criterion  J(X )

Network
design

Resolution

Stat. info.

Error estimation

# BridGes CER

Error parameter
uncertainty




Bayesian inversion: vectorial case of linear dynamics and Gaussian error

» Context: Inverse modelling of sources o (2D+T); Gaussian
assumption + linear observation operator.

» H Jacobian matrix of the problem (observation + model):
u=Ho+¢

> 62— o6~ .#(0,B); o? prior fluxes, B background error
covariance matrix.
> e~ N ((}1 R); R observation error covariance matrix.

» BLUE analysis:
6° = 6? +BHT(R+HBHT)  (u—Hc?),
P°=B—BH' (R+HBH") 'HB.

> A representation w is a discretization of the space-time domain of
control (parameter) space Q.

%‘Bl‘id SOFIE school, 2014-05-12 18 E :
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Bayesian inversion: vectorial case of linear dynamics and Gaussian error

s _  5

Emission

/ .

Decomposition of observation error: £ = £+ £, + €,

@ Y'Brid SOFIE school, 2014-05-12 19 0]
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# NBrid

CO2 flux inversion

» CO2 Inversion: Using concentration observations to retrieve surface
CO2 fluxes.

» lll-posed problem due to the flux-observation mismatch (e.g. diffusive
atmospheric transport that links fluxes with observations)

» Aggregation of flux variables, e.g. eco-regions or coarser regular
grid => aggregation error

» Bayesian inversion: regularized by prior information (correlation
in prior flux errors)

> Plan

» Error diagnosis
» Aggregation error: multiscale inversion (resolution optimization)

& direct aggregation.
» Estimates parameters of the prior and observation errors (hyper-

parameter estimation)

SOFIE school, 2014-05-12 20 @
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Network
design

Resolution

Stat. info.

Error parameter
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» Variational inversion, Monte Carlo simulations for error statistics

Diagnosis of error

» Compare with GOSAT data

(a)

E
g
o
= 1
o
g
=

I L L ! L L
LMN20N LTrop L5205 SM20M STROP 55205

(b)

LMN2ON LTrop LS205 SN20N STROP 55208

¥ 7 Brid

Departures
B Assigned

Departures
E— EBH
=

H
- =Ry

XCO, RMS [pprm]

XCO, MS [pprri’]

05 fooe

Chevallier & O’Dell 2013

Departuras
i Assigned
T
.................................... Departures
— HAHT
= Ry,
—= Ry,

LN20M LTrop LS205 SN20N STROP SS208

SOFIE school, 2014-05-12

E[(Hx, -y ) (Hx, —y )]
= HBH’ + R

E|(Hx, —y )(Hx, —y )"
=HP'H +R

LSCE



Aggregation error

Kaminski et al 2011 Bousquet et al 2000
Missing small scale details o .
(high frequency )
(2) Map et W iR

¥
‘ Region 1 Region 2 _|_
(b) Jacobian y

s N\

5

I EA.

Kaminski & Heimann 2001
o A Flner resolution, flttlng budget

() Two Patremns yielding the same concentration

o

)
I &\\\\\\////// il "y
| EA 8 '

c

eo{ gfFlE- - - -

) % ] a-ssj--————‘:— U 24 FR A i
6051
908 i b - : i
0 120 EOW 0 60E 1206 180
* BridG SOFIE school, 2 _ --------- T
—800 —400 o 400 800

[gC/m?/year]



Network
design

Stat. info.

ErrorBesg’flrlgatlon Error parameter
( ) B uncertainty




Aggregation error

Error

rt model,

transpo
flux spat

2

| structure
ITOTS,

flux e

1a
atmosphere data

-

prior

L

f

d O

Stimate

E

cIrror

Aggregation

CITor

» Number of

regions

¢
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-
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—
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Multiscale structure

Ox Oy Ox Ow Oxy
yd _ Z \ 7 ‘ _ /
77 ® T =TT R LTI R AN
[TT7T LTTTT LTI LT LTI 7
}er YJL FJL
(a) | (b) (c)
b % I'.
0 X 0 X 0 X
@ Memory costs for a 2D+ T control space
e lilings: up to © times the size of the finest grid Jacobian
e Qtrees: up to times the size of the finest grid Jacobian.
@ Empirically, optimisation on the gtrees is ‘aster than on the tilings.

%Bmd | SOFIE school, 2014-05-12 26




Multiscale inversion

—LEEEE | ————| [ .Bl=]
R e g B
» The source variables (vector ) can 1 - IR :
) . . . P I
be discretised on an adaptive grid . $ R ==
Ny o A: N ﬁ
A IR e
» Restriction ([y) and prolongation & o e
(';,) operators can help to transfer ¢
from the finest regular grid cell €2 to I, &
::»
. &
&
. . [ ] [l o ] i i d i &G
» The composition of a restriction £ - = =
= . : - E::'EEEEEE E Eﬂ i i
and a prolongation gives a projection it L -
. i P e
operator I, which depends on the :l i ,# *: -
Fref £ ; = e
geometry of . | ﬂm 'r'ﬂ' m m

# 2Brid SOFIE school, 2014-05-12 o7 @©
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Up and down the scale ladder (1/4)

® Restriction operator: ¢ ——+ 0 =0, where Iy, : RN —s RN defines the
coarse graining

coarse graining operator (non-ambiguous).

@ Prolongation operator : T% : RN — RMe refines o, into & (ambiguous).

@ Background error covariance matrix: By = FmBI';ru,

@ Observations/representativity/model errors: Ry, to be discussed later.

T @

I

L]

%Brid ' 28




Up and down the scale ladder (2/4)

6, — = 0~ N(c,B)

F(:Gm"" 9‘42 (G‘:P ,j

@ |dea: Use prior 6 ~ ./ (0p,B) to refine the source. Knowing oy, in representation
@, then from Bayes’ rule, the most likely refined source is given by the mode of

q(o)
Qa‘-(ﬁm)

q(c|ow) = O (0w —Two)

@ YBride SOFIE school, 2014-05-12 YO




Up and down the scale ladder (3/4)

@ Refinement is now a statistical process ! But the prolongation operator will be
defined as the most likely refinement operation.

@ Thus the (estimate of the) refined source is
c* = oy + Bl (FmBI'[Tﬂ) - (6w —TwOb)
which suggests the (affine) prolongation operator
Mo =(In, — Moo, + A, .

where the linear part of '}, is

-1
A;, =Br? (rmBr{U) . and Mg =NA5lg.

o =

@ Y'Brid SOFIE school, 2014-05-12 0 @@
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Up and down the scale ladder (4/4)

Must consistently satisfy [, = Iy.

Down and up: Il = (In, —MNe)op + Mg

Mg is a projector since I'Iﬁl =M.

It is also B~1-symmetric: M,B = BI'IE}.

Then H becomes Hy, = HI},, and

so that
u=Hop,+HNy(oc—0p)+¢n.

SOFIE school, 2014-05-12
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Accounting for aggregation errors

» Consistent observation equations:

U= Ho+e=Hypoy+&y.

» Assuming aggregation is the only source of scale-dependent errors, one has
Ho + ¢ =Ho, +HMk(0 —06p) + €p, leading to the identification

Em=E+H(leg—nm)(G—Gb)zE—l—E{f].

» Assuming independence of the error and source priors, the computation of the
covariance matrix of these errors leads to

Ry =R+H (I, — My ) BH' .

» In that case, one checks that the innovation statistics D = R+HBH/! are
scale-independent (R+HuByHL — Ry +HwBuHL, = R+HBHT).

%‘Brid | SOFIE school, 2014-05-12 32




Optimal representation mitigates aggregation effect

» ® maximizes DFS (bocquet et al., 2011): normalized uncertainty reduction
(B—P?)B~!=BH'D!H
DFS, = Tr(M,BH!D1H).

Optimal information propagation from observation sites to the whole domain

» The aggregation effect can be quantified by:

T

Fo=Tr [R-' (Ro — R)}
= Tr (BHTR-'H) Ty (I'ImBHTR‘lH) |

To minimize the aggregation effect is equivalent to the maximization of the Fisher
criterion (Wu et al., 2011):

Tr(NLBH'R™IH).

which is the limiting case of the DFS criterion when R is inflated or when B vanishes.

# 2 BridG: SOFIE school, 2014-05-12 33 @) (@)




Inversion system: Experimental setup

Continuous, Well-Calibrated CO.
Measurements in North America

Mamm IBOREAS-HNOE
Wesnern P\:e.land
T\ E:.':hh'hr' A EERAMS )
.: g Frazendale l

L . h{ /
OF Trand 1O ort Pee |_ o Argrgte Sanle sla
Lo} — w *"‘
] Acuind) '||:|: * arvard
r -_—'.1"‘; Aretyille j '1 0 Ilartha’s Vineyan
Syrp ® ! |II %L [RiL] I'ﬂﬂ:l.B| : = ‘. "
igfelen Peal EFpa aran v
Walnt Grm‘g i L em i :!:f
i Fraser e ] - A
rada Fiekd |z i '
b= ) Roaf Butte ———" i
. ( ARM-CPRT
|
L 3 N
Moy Wkl

A\

{ ~500 km

@ PSU “Amerniflux”sies 0 PEU CRirg 37 stes in suppart
- Canaary Valley, WV (7 iy AGL) ol NAaZP M)
- Chestnut Ridge, TH 151 m AGLI - Cermenvle, 1A (3008 110 m AGL)
= Cimark, M {30 m AGLI - Hound Lake MM (308 110 m AGL)
= R Facls, M. [ o AGLY - Kowanee, IL (30 4 140 m A1)
= Galeswllle, WIS & 1200m AGLI

@ Mead (Vermial 6 i AGL] gt ECLHE CUR R

@ MOAA GMOD-ESFL

i 1
@ rCHR |Stephons] thndrews) @ ARM-CART {Ficsher)

- Mot Rigge - Maody. TX & Harvard [Walsy)

- Fraser - WLEF, Fark Falls. Wl

- Steemn Poak - Argyle ME D o GMD-ESAL [Sweeney)

Bt Fiaka P . F”f’me A - Marihat Vineard

« Endraeda e E = Wralnut e, 0 5 § N e

- Aol Butte (ES) < Wess Dranch 1L (ACE MCI BORTAS-HOES (A Wiediy|
© Howland {Hollinger) -Suten, C& O Indiana Wniversity (Dragoniy
@ BERMS |Ba, Black, McCaughey) D Envitanment Caniada (Warthy) = ManganeMon e
@ Western Peatland [Flanagani - Sable lsland Q Diegon Siate ILaw)

- Fraserdale
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Domain: 980km x980km with
20km x20km grid cell

Period: 01~15 June 2007 or weekly
inversions

w: hourly synthetic or real
observations from 8 towers

o”: SiBcrop fluxes

H: Computed from particles
generated by Lagrangian model

LPDM

R: Diagonal or temporal
correlations

B: Diagonal or Balgovind
parameterization




Optimal representations with different settings

8
+
] i
1 :
+
i
b : LS
e
{a) BD-R3-N1024 (b) B50-R3-N1024

%‘Bmd SOFIE school, 2014-05-12 35




Inversion on regular and optimal representations: diagonal B

(a) BD-R3 (b) BD-R3-PD
il ] T T LR R ALY | b | T T T EErrm 35,85 T T T LR | LR LY | =TT
g, .. e,
¥ e & P t - J
] & 7 -
200 i A o A,
' .'-II .~
! —~ 35.75 [ it TN i
& o = ] "
i . . -~
b - f = ‘s u..
150 | : n 1 ™ s e W -
™ 5 i LI SV 2.3 " &
E ,: L, 2 4.. LI
[ L o L8 L
S = = S565 F L LI .
Lon . L g ﬁ ' -
x, T oar o 3 2‘...
. S0 = - . B
.,f .'- , ;.)..:IU . '||'._
L e s | v
# '-_u - o .
R S | 35.55 F -l =
Y-
0 M_Jl s & s weesl 5w s ssasl R 35,50 isdiaiadl i@ odvgyasl P 1 i o |
1o ik 102 107 1t 107 10? 10! b= L ik 108
Murmber of grid cells MNumber of grid cells

— First guess

B |Inversion, regular grid, with accauting for aggregation error

@ Inversion, optimal gtree, with acocouting for aggregation ermor
B Inwversion, regular grid, without assouting for aggregation arrar
L]

Invarsion, optimal girae, without accouting tor aggregation ermrar

%Bmd | SOFIE school, 2014-05-12 36




Performance of optimal grid for diagonal B

(a) BD-R3-PD, CORR (finest grid) ib) BD-R3-PD, CORR (reagular grid) ic) BD-A3-PD, CORA (optimal grid)

# 2BridGes SOFIE school, 2014-05-12




Inversion on regular and optimal representations: correlated B

(a) BSO-R3 (b) BS0-R3-P20
1G4 ] T T g N LER el 40 L | T o v R | R |
ol R
140 | ’.# . an F AL ) _
Sy ) oo B0 -
120 b : % - 2 -
.r'.l - an b ‘u‘ . .', .
e f ] " 4
L e ]l s e
LK) - s | v |
] =3 ,':
£ w0k 20 4 = Lt
] e o L
) B LA .
il 7 4 w LI
a0 f % .
i+ ’ . xi
. u,
o F - = % 1
e *-8-98
a L._.-.l suil il R T | 6 R T | il i & sl it rasdl N ET T
10 10t 102 103 1l 1P e 10 102 17 1l

# ¥BridG

Mumber of grid cells

Mumber of grid cells

— First guess

Inversion, regular grid, with aseeuting for aggragation errar
Inwersion, optimal gtree, with accouting for aggregation emar
Inwersion, regular grid, without accouting for aggregation error
Inversion, epimal gtree, without ascouting far aggregation arar

SOFIE school, 2014-05-12
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Irrealistic correlation length for Balgovind B

125

(a) B50-R3-P50, CORR (finest grid) (b) B20-R3-P50, CORR (finest grid)

%)Bridﬁes SOFIE school, 2014-05-12 39 (7




Summary on mutiscale inversion & aggregation error

» A typical second order inversion problem

» Critereia: e.g. DFS
» Model configuration: resolution

» An ideal case: model-error-free + finest resolution available
» Explicit aggregation error + information flow map
» Maximizing Fisher criteria = minimizing aggregation error

» Future directions: model error and trade-off between
aggregation and estimation error

# 2Brid SOFIE school, 2014-05-12 40 @©
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Structure of the prior CO2 flux errors

Use daily-mean eddy-covariance flux
measurements to assign the error

statistics of the prior fluxes (Chevallier et al.,

2012)
BO - 'ﬂh-
[ RN
B0 g e M
S }"{"’
. .
40 - - = *!,éj’,
20 ~ 1 M AT 3 o
.'.‘ E:',.: .-E_LH;’#! L
ok - - o Retan
; g 2 }mﬁ"’h :
- I |
20 - PR f"f %, + 3
wl “ 3
ad | 4 o ——
P L ' .
-150 -100 -50 i 50 1ﬂﬂ 150

Data courtesy from the FLUXNET Pls as part
of a La Thuile project. 1991~.2007, 156 sites

%Brid '
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Chevallier et al 2012

i-th day, 1 <i< Ty, Ty =365
J-thyear, 1<;j<T,, T,=17
s-th site, 1 <s< N, N =156

o FLUXNET Observations [y; /] s;

@ ORCHIDEE (a process-based
terrestrial ecosystem model)
simulations [ij];.j.s-

Statistics

@ Model-minus-observations

@ Observation variability




Structure of the prior CO2 flux errors
Chevallier et al 2012

Model-minus-observations

5 __ ., S
d:'.j—}’i,j Xi j

Correlation

@ Short spatial correlation
length of few hundred
L - — — J kilometers (< 0.2 after
Lag distance (km) 200 km)

Small spatial correlations.

@ Independent of plant

For a given day i, for all site pairs, Pearson functional types except for

Cﬂ]!"e'atiﬂ’*" deciduous broad-leaved
¥ s = =
PCREASICAETAD forests
ri(sp.5q) = —= .
R [ Iv e I LAY
J_Eltdf_j _df ) jgl(di.j_f )
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Structure of the prior CO2 flux errors
Chevallier et al 2012

Model-minus-observations

g __ .8 .S
di.j—YJ,_f Xi j

Correlation

e Large temporal correlation
length (positive for lags
1 s ' ' : ' ' < 85 days and for lags

1] 50 100 150 200 250 300 350

Lag time (days) = 274 CIE}"S)
Large temporal correlations.

@ Reflects systematic errors

For a given site s, for date lags in days, Pearson over weeks

Ly - _
5 5 5 5

Ty — 13 [ 7, — o
s —ls 5 —] S
1{dtp.j dtp] ng{dth dtq)

correlation r(ty, ty) =
JJ=
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Direct aggregation of prior errors
Chevallier et al 2012

{c) Standard deviation

Variations of the statistics of the prior

errors with respect to spatial and

25 ' ' " " ' ' = ]
temporal aggregation E b
= -\q—\-\_"‘-—\.___\_
g 2F __-——____________ 1
2 s} S
{a) Correlation ';é_;’
b=
2 os} _
8
[15]
u. 1 1 L 'l 'l 1 1 1
M 20 30 40 S 60 70 80 90
Aggregation period (days)
10 20 30 40 50 &0 70 80 90 (d) Standard deviation
Lag ime [days)
25 N L] L] T T T
S \
= \
{b) Conelation 2 2 H\
1000 ™ \\
_ £
E a0 S 15}
8 5
5 600 = \\\,_
] g 1} B
o -G -m-__-_'—,_
§ w0 e ———
3 2 os|
o ;
< 3
Tu u L 'l L L i 1 1 L L
Ll o Bl 0 100 200 300 400 500 600 700 BOO 900 1000

Lag distance (k)

Agaregation distance (km)
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Uncertainty quantification: hyper-parameter estimation (1/2)

h h
C(h) = K2(1+ ) exp(~ 1)
@ Hyper-parameters vector 8 = [k°, kb ]T) @ Innovation error covariance

@ Innovation vector d = u — Ho? matrix Dg = Rg + HBgH'"

» Likelihood
exp (—1(u —Ho®)"Dy (1 — Ho?))
(27)7|Dy|2

p(u|0)=

e Maximum likelihood estimation (MLE): minimizing negative log-likelihood
1
Z(0) = —|”“39\+ >(k—Hc") Dy’ (1 —Ho")

@ Desroziers Scheme: given L, solve MLE iteratively for [k°, k]!
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Uncertainty quantification: hyper-parameter estimation (2/2)

» x°: Gaussian assumptions lead to ¥? probability density with number of
degrees of freedom equal to the number of observations d:

1*(0°) = (1~ Ho*)"R,! (11— Ho?) + (0° — 0°) "B, (0° - 0*)

» Information propagation:

DFS = Tr (BoH"D,'H) .

» General Cross Validation (GCV) minimizes the predictive mean-square error
(PMSE) formulated in R™1-norm:

1
P(8) = —[IH (0" —0°) 2
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Results
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Results

(a) (b)
44°N 0.0 44N 0
-0.3 0.
—0.6 0
42°N 09 42°N :
: 0.
-1.2 oy
-1.5 B
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—
-2.1
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— N
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(c) (d)
1.
a4°N | 12 44°N 0
0.9 u-
0.6 0.
a42°N 0.3 42°N 0.
0.0 ‘ 0.
0.3 0.
-0.6 0.
40°N —09 40°N 0.
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120

100 ¢

DFS

40}

20

60

Uncertainties for hyperparameter estimations

' ' ' — week 1
- - - week 2
Y woweek 3| | .
. — week 4 o Daytime ay, anlL
807 .5, Week 1 2.894+0.149 3.21+1.13 204+6.77
_'J,-\ » | Week 2 3.08+0.181 54541.99 40+13.6
\ - Week 3 — _ —
[ S Svo - Week 4 3.62+0.241 7.51+3.48 25+7.90
i e
N 8L(0)
S H,(0) = . .~
0 50 100 150 200 250 i 90,00, H(O) .

Summary

Evaluates diiverse criteria: MLE, }(,2 GCV using real data

Short correlation length: summer time mostly 15 -80 km, occasionally
100 km; confirms the results obtained by direct aggregation of
background errors.

When atmospheric transport error is significant, difficult to identify a
meaningful optimal L
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50 100 150 200 250

Uncertainties for hyperparameter estimations

T Daytime ay, ol
Week 1 2.89+0.149 321+1.13 20+6.77
Week 2 3.08+0.181 5.45+1.99 40+13.6
Week 3 — — —
Week 4 3.62+0.241 7.51+3.48 25+7.90
P L(0)
H..(H} = . |
T o000, MO

 Why DFS is not a proper criterion for hyperparameter estimation?

« Why DFS decreases with respect to correlation length?

SOFIE school, 2014-05-12
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# NBrid

Few words

Inversion as a system: three components: model, obs, stat information,
Optimal control theory, success of variational methods (4DVar)
Other system concepts, e.g. observability?

Inversion as an information machine: information fusion and flow
relative entropy, entropy dynamics, maximum entropy principle

Second order inversion: optimal configuration of inversion system
& Uncertainty quantification:
Model resolution & aggregation error, error parameter estimation,
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