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CO2 story: one carbon cycle to understand
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Model

Information
Compression

Obs.
Heterogeneous ?

Fusion of informtion from diverse sources



Simplest scalar case

Information?  Probability distribution

Information fusion?  Production rule of proba.

First guess: 
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Observation conditioned by emission: 

])(
2

1
exp[

2

1
)( 2

2
hxyxyp

oo




Bouttier & Courtier 1999, Jacob 2007
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Information fusion?  Production rule of proba.

)()()()(),( yxpypxypxpyxp 

Inference?  Bayes theorem/rule.
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posterior ∝ likelihood × prior

Observation Eq.
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Information 1: first guess bx
Information 2: observation y



Simplest scalar case

Bayesian calculus

Bouttier & Courtier 1999, Jacob 2007
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Estimation with posterior: find a criteria (MAP)
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Calculus: minimization of a cost function 
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Estimation:
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(Kalman) gain 
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• Sensitivity of analysis to obs
• Weighted by error statistics

Observation Eq.
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Information 1: first guess bx
Information 2: obervation y



Simplest scalar case Bouttier & Courtier 1999, Jacob 2007
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Estimation: )( bba hxykxx 
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Degree of freedom for signal (DFS)
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Observation Eq.
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Information 1: first guess bx
Information 2: obervation y
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Simplest scalar case Bouttier & Courtier 1999, Jacob 2007

Estimation:
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Posterior uncertainty

Sum of precision
Fisher info. matrix
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Estimation:
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• Sensitivity of analysis to true emission
• Ideally 1

Observation Eq.

ohxy 

mio  

Information 1: first guess bx
Information 2: observation y



A language of inversion: Bayesian synthesis

 Bayes' Theorem: uncertainty computation (information propagation) 
converting a prior probability to a posterior probability by assimilating
Information from observations.
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 y  : observation
 x  : unknown parameter (source)

 Bayesian analysis in plain words

posterior ∝ likelihood × prior



Bayesian inversion: vectorial case of linear dynamics and Gaussian error

Inverse modelling of sources      (2D+T); Gaussian assumption + linear 
observation operator.

 Jacobian matrix of the problem (observation + model):

prior fluxes,        background error 
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 prior fluxes,        background error 
covariance matrix.      

 observation error covariance matrix.

),( B 0 xx  b Bbx

),( R 0  R



Bayesian inversion: vectorial case of linear dynamics and Gaussian error

 Bayes’ Theorem:

 Prior: 

 Likelihood
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 Evidence   

Posterior:                             
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Cost function

Inversion

Kalman gain

or equivalently 

Aver. Kernel

DFS

Vectorial analog of the simplest scalar case
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DFS

DoF Noise

Fisher Info. 
Mat. (precision)

Posterior
Err. Cov. Mat.
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More on DFS
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Reduction of uncertainty

Propagation of informatioin



Inversion methods

Analytical inversion: linear algebra, maximal 5000-10000 parameters
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Variational Analysis: Gaussian  assumptions + MAP ⇒ least square errors (Gauss’ result)
Numerical optimization; easily dealing with a million parameters; adjoint techniques

Ensemble approach: representing PDFs with samples of manageable size
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• Red: true prior and posterior
• Points: samples
• Contours: Gaussian prior and posterior
• Obs for 

1x

Sketch of Bayesian Synthesis
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Hamil 2006



Sum of prior SiBcrop fluxes 
Over 1-15 June 2007
Center USA 980km x 980 km

Fundamental role of     : corrections only in the column space of      !

spanned by a single vector     

Suppose

Kalnay 2003

Imporatant roles of      and 
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Balgovind correlation model

Correction
Direction;
Information
spreading

Projection of
obs increment
in  (subspace)
info smoothing

Total error
budget

Realistic      : difficult issue
Physical consistency: balanced     



Diagnostics of error 
Desroziers et al 2005
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Optimality System (O.S. Le Dimet 90s) and SOI

Dynamic context 
Control theory for high-dimensional system

O.S. as a general model
All information contained in O.S.
Optimization based on O.S.

Second order inversion (SOI)
Backward 
propagation 

obs impulse
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)( ax

Direct modeling

Inversion/assim.

SOI

Cost 1

Cost 10

Cost 100
Adjoint variable:
sensitivity to obs 
impulse

obs impulse

 Performance of inversion system; 
not necessarily RMSE

Solution given by O.S.ax



Second Order Inversion

Inversion system

Resolution Network 
design

optimal configuration of each component of the 
inversion system under given criterion )( ax
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Model Obs.

Stat. info.

Error estimation 
(B & R)

Error parameter 
uncertainty

Third order applications



 Context: Inverse modelling of sources σ (2D+T); Gaussian 
assumption + linear observation operator.

 H Jacobian matrix of the problem (observation + model):

 prior fluxes, B  background error 
covariance matrix.      
 observation error covariance matrix.

Bayesian inversion: vectorial case of linear dynamics and Gaussian error
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 BLUE analysis:

 A representation ω is a discretization of the space-time domain of 
control (parameter) space Ω.



Bayesian inversion: vectorial case of linear dynamics and Gaussian error
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Decomposition of observation error: 





CO2 flux inversion

 CO2 Inversion: Using concentration observations to retrieve surface 
CO2 fluxes.

 Ill-posed problem due to the flux-observation mismatch (e.g. diffusive 
atmospheric transport that links fluxes with observations)

 Aggregation of flux variables, e.g. eco-regions or coarser regular 
grid => aggregation error
 Bayesian inversion: regularized by prior information (correlation 
in prior flux errors)
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in prior flux errors)

 Plan

 Error diagnosis
 Aggregation error: multiscale inversion (resolution optimization) 
& direct aggregation.
 Estimates parameters of the prior and observation errors (hyper-
parameter estimation)



Second Order Inversion

Inversion system

Resolution Network 
design
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Model Obs.

Stat. info.

Error estimation
(B & R)

Error parameter 
uncertainty

Diagnosis of error



Diagnosis of error 

 Variational inversion, Monte Carlo simulations for error statistics
 Compare  with GOSAT data

Chevallier & O’Dell 2013
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Aggregation error

Kaminski et al 2011
Missing small scale details
(high frequency )

Bousquet et al 2000
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Kaminski  & Heimann 2001
Finer resolution, fitting budget



Second Order Inversion

Inversion system

Resolution Network 
design

Multiscale inversion & 
aggregation error
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Model Obs.

Stat. info.

Error estimation
(B & R)

Error parameter 
uncertainty



Aggregation error
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Peylin et al 2011

Ideal case:
• No model error
• Finest resolution offordable



Multiscale structure
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Multiscale inversion
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Up and down the scale ladder (1/4)
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Up and down the scale ladder (2/4)
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Up and down the scale ladder (3/4)
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Up and down the scale ladder (4/4)

SOFIE school, 2014-05-12 31



Accounting for aggregation errors
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Optimal representation mitigates aggregation effect
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Inversion system: Experimental setup
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Optimal representations with different settings
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Inversion on regular and optimal representations: diagonal B
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Performance of optimal grid for diagonal B
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Inversion on regular and optimal representations: correlated B
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Irrealistic correlation length for Balgovind B
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Summary on mutiscale inversion & aggregation error

 A typical second order inversion problem

 Critereia: e.g. DFS
 Model configuration: resolution

 An ideal case: model-error-free + finest resolution available
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 Explicit aggregation error + information flow map

 Maximizing Fisher criteria = minimizing aggregation error

 Future directions: model error and trade-off between 
aggregation and estimation error



Second Order Inversion

Inversion system

Resolution Network 
design
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Model Obs.

Stat. info.

Error estimation
(B & R)

Error parameter 
uncertainty

Direct aggregation of 
prior errors



Structure of the prior CO2 flux errors

Chevallier et al 2012
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Structure of the prior CO2 flux errors

Chevallier et al 2012
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Structure of the prior CO2 flux errors

Chevallier et al 2012
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Direct aggregation of prior errors

Chevallier et al 2012
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Second Order Inversion

Inversion system

Resolution Network 
design
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Model Obs.

Stat. info.

Error estimation
(B & R)

Error parameter 
uncertainty

Hyperparameter 
estimation



Uncertainty quantification: hyper-parameter estimation (1/2)
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Uncertainty quantification: hyper-parameter estimation (2/2)
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Results
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Results
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Uncertainties for hyperparameter estimations
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Summary

Short correlation length: summer time mostly 15 -80 km, occasionally
100 km; confirms the results obtained by direct aggregation of 
background errors.

Evaluates diiverse criteria: MLE,    ,  GCV using real data
2

When atmospheric transport error is significant, difficult to identify a 
meaningful optimal L



Uncertainties for hyperparameter estimations

SOFIE school, 2014-05-12 52

• Why DFS is not a proper criterion for hyperparameter estimation?

• Why DFS decreases with respect to correlation length?



Few words

Inversion as a system: three components: model, obs, stat information,   
Optimal control theory, success of variational methods (4DVar)
Other system concepts, e.g. observability?

Inversion as an information machine: information fusion and flow
relative entropy, entropy dynamics, maximum entropy principle
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relative entropy, entropy dynamics, maximum entropy principle

Second order inversion: optimal configuration of inversion system
& Uncertainty quantification: 
Model resolution & aggregation error, error parameter estimation,
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